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Abstract

The resonant amplification of the superconducting critical temperature, the isotope effect, the change of the chemical
potential in a particular 2D striped phase formed by superconducting stripes of width L alternated by separating stripes of
width W with a period l at the atomic limit is studied. The critical temperature shows a ‘shape resonance’ by tuning thep

charge density where the chemical potential m is in the range E -m-E q"v , where E is the bottom of the nthn n 0 n

superlattice subband for n)2, and "v is the energy cutoff for the pairing interaction. The maximum critical0

superconducting temperature is reached at the cross-over from 2D to 1D behavior. The particular properties of this electronic
phase and its similarities with the normal and superconducting properties of doped cuprate perovskites are discussed. q 1998
Elsevier Science B.V.
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1. Introduction

Superconductivity in doped cuprate perovskites has been discovered in 1986 looking for a material with a
w xlarge electron–lattice interaction given by a dynamic Jahn Teller interaction 1 . Four years later it was found
Ž .that these materials are heterostructures made of superconducting CuO films S intercalated with insulating or2

Ž . w x Ž .normal metallic layers I, or M 2–6 , forming a superlattice SISISI; or SMSMSM of Josephson coupled
w xlayers 7,8 . Moreover, the CuO plane of the high-T superconductors has been found to be inhomogeneous2 c

and it is now becoming more generally recognized that the anomalous transport properties of the CuO plane2
w xmay be due to a dynamic phase segregation in which the system condense into large stripe domains 9–17 .

Some experiments have shown the coexistence of itinerant charges with an effective mass m) ;2.5"0.5 in
Ž . Ž .2 2units of the electron mass and b d symmetry and more localized charges or polarons having a mixed1 x yy

Ž .2 2b and a 3d symmetry from a pseudo Jahn Teller interaction. The localized charges are associated with1 1 r yz

a rhombic distortion of the CuO square plane, a displacement of Cu out of the plane and a shortening of the4
Ž . w xCu–O apical distance 18–22 . The ordering of the polarons forming linear arrays of distorted Cu sites in the
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w xCuO plane was found in 1990 18 and confirmed by many experiments using the joint analysis of X-ray2
Ž . Ž . w xabsorption XAS and diffraction XRD 12 .

These data have shown the coexistence in the superconducting phase of:

Ž .1. polarons ordered in a one-dimensional incommensurate charge density wave 1D ICDW , and
2. itinerant charges with strong Coulomb and magnetic interactions.

The two types of charge carriers are segregated in different spatial domains formed by alternated stripes of
Ž . Ž .distorted D-stripes and undistorted U-stripes lattice. This phase segregation occurs as a function of the charge

density at Ts0 K in a narrow range of charge density at a cross over region of metal–insulator transition
Ž . w x )MIT 23–26 and as a function of temperature below a characteristic temperature T characterized by the
opening of a pseudogap on the Fermi surface.

In the insulating region, at low doping d-0.06 holes per Cu site, the polarons get ordered in short and
w xrandomly distributed linear domain walls in an antiferromagnetic lattice 27 . In the metallic phase, at high

doping levels, a homogeneous metal is formed. A similar charge segregation of 3D metallic ferromagnetic
domains separated by insulating domains of Jahn Teller distorted lattice has been found near the metal insulator

Ž . w xtransition MIT in manganites exhibiting the colossal magnetoresistance effect 9,28,29 .
The self-organization of polaron charges in the CuO lattice forms a natural superlattice made of metallic2

Ž .quantum wires U-stripes alternated by D-stripes that play the role of spacers as shown in Fig. 1. In
Bi Sr CaCu O and La CuO at optimum doping these lattice fluctuations with a short coherence length2 2 2 8qd 2 4qd

w xhave been found to be pinned to the ordered interstitial oxygen inserted as dopants in the rocksalt layers 10–15
w xas shown by anomalous X-ray diffraction 12 . In the underdoped regime and in other systems, such as

La Sr CuO , the randomly distributed dopants, the short coherence length and the slow dynamics of the 1D2yx x 4

ICDW have masked the striped phase for a long time; however, they have been detected recently by fast probes
w xsuch as EXAFS 16 . These lattice fluctuations are slower than the characteristic time scale for the electron

pairing mechanism so that we can assume that the itinerant charge carriers are moving in a static superlattice of
quantum stripes and the stripes of localized charges can be considered simply as a source for a 1D potential
barrier for the itinerant carriers.

Measurements of the stripe width L and superlattice period by structural probes and of the wavevector k ofF

the electrons at the Fermi surface by angular resolved photoemission have shown that the chemical potential is
Ž .self-tuned near the bottom of the third superlattice subband k ;k ;3prL where the density of states has aF 3

Ž . w xmaximum i.e. near the ns3 shape resonance 10–14 . This resonance provides not only a possible
mechanism for understanding the amplification of the critical temperature from the low to the high temperature
range in cuprate superconductors but also a direction to realize the synthesis of new superconductors with high
critical temperature made of particular heterostructures of metallic stripes at the atomic limit. In these
superlattices the stripe structure and the charge density are such that the chemical potential m is tuned in the
range E -m-E q"v , where E is the bottom of the nG2 superlattice subband and "v is the energyn n 0 n 0

w xcutoff for the pairing interaction 30–32 .

Ž . Ž .Fig. 1. A particular heterostructure made of metallic quantum stripes of width L U-stripes separated by stripes of width W D-stripes with
a period l sW q L.p
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This resonance can be realized by changing the stripe width and superlattice period for a fixed charge density
Ž .the energy E is controlled by the stripe structure or in an equivalent way by changing the charge density,n

Ž .keeping fixed the stripe structure the chemical potential m is controlled by the charge density .
In this paper we report the calculations of the electronic properties for a simple free electron model in a

superlattice of quantum stripes. This simple model is used to study the superconducting and related character-
istics of this superlattice. We consider a 2D free electron gas with an electron number surface density
rs5.8=1014 cmy2 confined in a superlattice designed to tune the chemical potential near the bottom of 3rd
subband, to keep the lateral superlattice dispersion to be of the order of ;"v assuming an interaction cutoff0

"v ;500 K in agreement with experimental data for the cuprates. We find that the resonance in the0

superconducting critical temperature T occurs in a narrow charge density range having similar width andc
Ž .anisotropic shape as in cuprate superconductors. We have calculated the isotope coefficient a for this

particular striped phase and we have reproduced the experimentally observed anomalous doping dependence of
w x Ž .a in cuprates 33–35 . Finally, we show that, going from one side of the resonance overdoped regime to the

Ž .other underdoped regime , a partial gap, or pseudogap, opens at a particular point of the Fermi surface that
w xagrees qualitatively with recent angular resolved photoemission experiments 36–40 .

2. The Fermi surface and the density of states

We consider a free electron gas with an effective mass m) moving in a superlattice of quantum stripes of
Ž .width L separated by a periodic potential barrier V x, y of amplitude V and width W along the y-directionb

and constant in the x-direction
` W

< <V y syV u y ml yy . 1Ž . Ž .Ýb pž /2msy`

The solution of the Schrodinger equation for this system is given as:¨

c x , y sei k x x Pei k y qlpc y , 2Ž . Ž . Ž .n ,k ,k n ,kx y y

where

i k ỹ yi k ỹw w < <c y sae qbe , for y -Lr2;Ž . ˜n ,k y

i k ỹ yi k ỹb b < <c y sg e qde , for y GLr2;Ž . ˜n ,k y

y lp
ysyyl q ; qs Integer part of ; ysyyl qy .˜ ˆp p

l 2p

The coefficients a , b , g and d are obtained by imposing the Bloch conditions with periodicity l , thep

continuity conditions of the wave function and its derivative at Lr2, and finally by normalization in the surface
unit.

The solution of the eigenvalue equation for E gives the electronic energy dispersion for the n subbands with
Ž . Ž . Ž . Ž . Ž 2 . 2energy ´ k ,k s´ k qE k , where ´ k s " r2m k is the free electron energy dispersion in then x y x n y x x

Ž . Ž .x-direction and E k is the dispersion in the y-direction. We have derived N solutions for E kn y b n y
Ž .1FnFN for each k in the Brillouin zone of the superlattice giving dispersion in the y-direction of the firstb y

N subbands with k s0.b x
˚We present here the results of the calculations for a particular superlattice with stripes of width Ls10.5 A

˚ ˚alternated by separating stripes of width Ws5 A with a superlattice period of l s15.5 A. The potentialp
) Ž .barrier is fixed at V s1.3 eV and the effective mass of electrons m s2.5. The density of states DOS andb
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Ž .Fig. 2. The density of states DOS as a function of the electron charge density and chemical potential. The peaks corresponding to the first
Ž . Ž . Ž .ns1 , second ns2 , and third ns3 subbands are shown.

Ž .the chemical potential as a function of the charge density is shown in Fig. 2. The first ns1 and second
Ž . Ž .ns2 subbands are nearly one-dimensional 1D ; the third subband is dispersing in the transverse y-direction
from its energy bottom E at k s2prl and k s0 to its energy top E at k s3prl , showing a total3 y p x c y p

Ž .dispersion in the transverse direction, D E , forming a quasi two dimensional 2D subband.3H
We have plotted in Fig. 3 the Fermi surface for the chemical potential in the range E -m-E and in the3 c

range m)E . The periodic 1D potential barrier breaks the closed circular Fermi surface for an homogeneousc

plane into broken segments. The first and the second subbands give origin to four segments in the range
0-k -"prl and "prl -k -"2prl respectively. Two segments due to the third subband appeary p p y p

Ž .where the chemical potential is in the range E -m-E or the charge density in the range r -r-r near3 c 3 c

Ž . Ž . Ž .Fig. 3. The Fermi surface for the chemical potential m above the critical energy E panel a and m- E panel b . The arrows indicatec c

the opening of the pseudogap at E in the third subband.c
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k ;0, for "2prl -k -"3prl that become longer with increasing charge density. These segments arex p y p

broken at k s0 and form 4 segments for r)r or m)E showing a pseudogap at k s0. This result showsx c c x

the opening of the pseudogap in the third subband going from the regime E -m-E or for the charge density3 c
Ž .in the range r -r-r called hereafter overdoped regime to the underdoped regime for m)E or for r)r3 c c c

Ž .called hereafter underdoped regime .
Ž .The DOS for the chemical potential tuned near the bottom of the third subband is shown in Fig. 4 a . It

Žshows a sharp step increase at the bottom of the third subband E corresponding to the charge density3
˚ y2 . Ž .r ;0.051 A and a peak at the energy E corresponding to the charge density r . The jump at r is3 c c 3

determined by the threshold of the contribution of the partial density of states of the third subband to the total
density of states where the chemical potential is tuned above the bottom of the third subband E . The peak at r3 c

is due to an anisotropic Van Hove singularity where the chemical potential reaches the energy E at the top ofc

the dispersion of the 3rd superlattice band in the y direction. The total energy dispersion of the 3rd subband
D E in the transverse direction determines the separation between the peak and the step edge. Where the3H

Žchemical potential is tuned in the range E -m-E and the density in the range r -r-r overdoped3 c 3 c
. Ž .regime the DOS shows a quasi 2D behavior while m)E or for r)r underdoped regime a 1D-likec c

Ž .1r2behavior dominates giving a DOS divergence of the type 1r´ as for a single stripe with infinite potential
barrier V ™`.b

Ž . Ž .Fig. 4. a Density of states in the third subband. b The superconducting gaps in segments of the Fermi surface due to the second subband
Ž .D and that due to the third subband D with the chemical potential tuned around the ns3 "shape resonance". c The chemical potential2 3

and its variation going from the normal to the superconducting phase.
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3. The resonance of the critical temperature

The calculation of the superconducting gap at Ts0 K is carried out using the BCS approach. We have
solved the BCS equations for the gap as a function of the chemical potential in a self consistent manner. A
generic cutoff energy "v for the effective pairing interaction of any magnetic, charge or phononic nature has0

been considered. The coupling term has been calculated taking into account the interference effects between the
wave functions of the pairing electrons in the different subbands

X
X < < < <X X X X XV k ,k sV u "v y ´ k ,k ym u "v y ´ k ,k ym , 3Ž . Ž .Ž . Ž .Ž . Ž .nn n ,k ; n ,k 0 n x y 0 n x yy y

where

X ) ) X X < < 2 < X < 2X X X XV syV d x d yc y c y c y c y syV d x d y c y c y ,Ž . Ž . Ž . Ž . Ž . Ž .H Hn ,k ; n ,k 0 n ,yk n ,k n ,yk n ,k 0 n ,k n ,ky y y y y y y y
S S

4Ž .
Ž .Ž 2 .with V slrN , where N s 1r4p 2mr" is the 2D free electron density of states and l is the effective0 0 0

Ž . X Ž .Xcoupling parameter for the ideal homogeneous material V s0 ; n and n are the subband indexes. k k isb x x
Ž . Ž .Xthe component of the wavevector in the stripe direction or longitudinal direction and k , k is they y

Ž . Ž .superlattice wavevector in the transverse direction of the initial final state in the pairing process, and m the
chemical potential.

In the BCS approximation, i.e., a separable kernel, the gap parameter has the same energy cut off "v as the0
Ž .interaction. Therefore, it has a value D k around the Fermi surface in a range "v depending from then y 0

subband index and the superlattice wave vector k . The self consistent equation for the ground state energy gapy
Ž .D k is:n y

1 V X k ,kX
D X k XŽ . Ž .nn n y

D m ,k sy , 5Ž .Ž . Ýn y 2X X X2 N 2n k k X X X Xy x E k q´ ym qD k( Ž . Ž .Ž .Xn y k n yx

where N is the total number of wavevectors. This equation has been solved iteratively, with the convergence
criterion fixed for a relative gap variation less than 10y4. We obtain an anisotropic gap strongly dependent on
the subband index and dependent on the superlattice wavevector k .y

The charge density r and the chemical potential in the superconducting phase are related by:

Nb1 ´ k ,k ymŽ .n x y
r s 1yÝ Ý

2S 2� 0n k ,kx y ´ k ,k ym qD( Ž .Ž .n x y n ,k y

prlN pb ´ ´Dk N ´ N ´ E k q´ymŽ . Ž . Ž .min maxy n y
s 2 d´ 2q d´ 1y ,Ý Ý H H

22p L L 20 ´ � 0x xminns1 k s0y E k q´ym qD( Ž .Ž .n y n ,k y

6Ž .
where

´ smax 0,my"v yE k ; ´ smax 0,mq"v yE k ;Ž . Ž .min 0 n y max 0 n y

and
y1

2L "x
N ´ s ´Ž . (ž /2p 2m
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and N is the number of the occupied subbands; L and L are the size of the considered surface S; theb x y

increment in k is taken as Dk s2prL .y y y

The superconducting gap shows a shape resonance when the chemical potential is tuned near the bottom of
Ž .the ns3 subband. The structure in the interaction gives 3 different values for the gap D in the first ns1n

Ž . Ž .that is close to value of the second ns2 and in the third ns3 subband giving a system with an anisotropic
gap in the different segments of the Fermi surface. The resonance shows a maximum of the gaps at a critical

Ž .charge density r . Fig. 4 b shows the resonance for the gaps in the second D and third D subbands as ac 2 3

function of the electron number density where we have considered the case for ls1r3 and "v s500 K. The0

peak of the resonance takes place where the chemical potential is tuned at E , i.e. at a divergence of the densityc

of states. The critical charge density r for the ns3 resonance is controlled by the stripe width L and thec

superlattice period l that have been chosen to reproduce the value observed in cuprate perovskites.p
Ž .The width of the resonance in Fig. 4 b is controlled by the interaction cut off "v and the superlattice0

dispersion in the y-direction D E . The finite dispersion D E of the superlattice subband in the direction3H 3H
transverse to the stripe direction induces a broadening on the low density side of the resonance.

The decrease in the overdoped case r-r is determined by the superlattice dispersion and the drop of thec

chemical potential toward the energy of the bottom of the 3rd subband. The width of the resonance and the drop
in the underdoped regime r)r is determined by the interaction cut off.c

Ž .In Fig. 4 c we report the variation of the chemical potential going from the superconducting to the normal
phase. The relative variation of the chemical potential is usually negligible, less than 10y5, in low Tc

superconductors described by BCS theory with a nearly constant density of states. The variation is known to be
large in a regime close to the Bose–Einstein condensation regime where all electrons of the system condense.
Here the variation is of the order of 10y3 near the resonance and it can be understood because all electrons in
the third subband condense. It is relevant that this important aspect of the superconducting phase shows a
different behavior in the overdoped regime versus the underdoped regime with a change in sign of the variation
of the chemical potential.

The T of the superconducting transition has been calculated by solving the linearized BCS equation by thec

iterative method

X
X1 tgh j k r2TŽ .Ž .n cX X

X XD k sy V k ,k D k 7Ž . Ž . Ž . Ž .Ý Xn nn n
XX XN 2j kŽ .nn k

Ž . Ž .where j k s´ k ym.n n

The finite width of the stripes, the superlattice periodicity and quasi 2D subbands avoid strong fluctuations of
the order parameter that destroy the 1D superconductivity.

Ž .We obtain the T for different values of the bulk effective coupling l, defined as lsN ´ V , wherec n™` F 0
Ž .N ´ is the DOS of a 2D free electron gas in a homogeneous plane. The T , for a bulk effective couplingn™` F c

ls1r3, is evaluated as a function of the electron charge density where the chemical potential is tuned above
the bottom of the third subband. In Fig. 5 we report the results for different values of superlattice dispersion,

Ž . Ž . Ž .D E r"v s0.8 panel a ; 0.3 panel b and 0.15 panel c obtained by using an effective mass in the spacing3H 0

material simulating the localized charges m) s2.5, 5 and 7.5, respectively.b

The results show that the calculated shape of the resonance for the critical temperature is an asymmetric
function of the charge density with respect to the critical value r giving a maximum in T and reproducingc c

some general features of the curves of T versus doping in cuprates.c

Another important characteristic of a superconducting system is the isotope effect. We have calculated the
isotope coefficient for the superlattice of quantum stripes by estimating the variation of the T as a function ofc

w Ž . Ž .xthe isotopic mass M. The isotope coefficient is defined as asy E ln T rE ln M assuming a mechanismc

driving to the superconducting instability where the cutoff energy for the interaction is connected with the
y1r2 w Ž . Ž .xisotopic mass of the lattice by "v AM . so that as0.5 E ln T rE ln v .0 c 0
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Fig. 5. The isotope coefficient and the superconducting critical temperature of the superlattice as a function of the electron charge density
Ž . Ž . Ž .for different values of the transversal superlattice dispersion DE r"v s0.8 panel a ; 0.3 panel b and 0.15 panel c .3H 0

We have studied the isotope coefficient a as a function of the chemical potential and shown in Fig. 5. In the
range where the critical temperature reaches the maximum we have found that the isotope coefficient has a

Ž .small value with a minimum af0.15–0.2 . This is due to the fact the energy cutoff "v is larger than the0

width of the singularity of the DOS at the resonance and all the electrons in the third subband form
superconducting pairs and hence the T is weakly sensitive to small variations in the "v . The isotopec 0

˚ y2Ž . < <coefficient shows a maximum af0.7 at the edge of the shape resonance myE ;"v at rs0.06 A as3 0

a small variation in the v could include or not the step increase of the DOS at the bottom of the subband. As0
Ž .can be seen in the a r curve, it takes asymmetric shape with respect to the minimum value. The energy width

Ž .of the flat region where a has a small value is of the order of "v . The T r phase diagram and the isotope0 c
Ž .coefficient a r give experimental constraints on the value of the characteristic energy cutoff "v for the0

effective interaction. It should be mentioned that the width of the drop of the isotope coefficient from 0.7 to
0.15 is controlled by the dispersion of the superlattice subband D E .3H

The pronounced spikes in a follow from the sharp BCS energy cutoff "v in the attractive interaction. In0

the strong coupling Eliashberg theory the inclusion of dynamic and self energy corrections are expected to get
away the sharp cutoff and hence smooth the spikes.

In Fig. 6 we report the variation of the maximum values of the critical temperature reached at the resonance
T as a function of the effective coupling l for the different cases of superlattice dispersion considered inc max

Fig. 5. The values of T in the superlattice obtained by tuning the stripe width and the charge density arec max

compared with the critical temperature of the homogenous plane formed by the same electron gas in the
superconducting stripes T . We show that while the critical temperature in the homogeneous plane changesc `



( )A. Bianconi et al.rPhysica C 296 1998 269–280 277

Ž .Fig. 6. a The critical temperature reached at the maximum of the resonance T as a function of the effective coupling l for the differentc max
Ž . Ž . Ž .cases of superlattice dispersion D E r"v s0.8 dotted line ; 0.3 dashed line and 0.15 solid line ; and the critical temperature of the3H 0

Ž .homogenous plane T . b The value of the T amplification due to the superlattice topology as function of the effective coupling.c ` c

from 0.01 to 20 K by increasing the effective coupling l in this range, as in all 3D superconducting metals and
alloys, in the superlattice the critical temperature is in the high-T range 20 K-T -120 K typical of cupratec c

superconductors.
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4. Discussion

High-T superconductors show anomalous normal state properties with two different phases: an underdopedc

and an overdoped regime separated by optimum doping that gives the highest superconducting critical
temperature. The particular superconducting phase described above has many similarities with the high-T phasec

of doped cuprate perovskites. In fact the universal curves of T versus doping for all families of cupratec

superconductors show a resonance behavior of T versus charge density. We have plotted the experimentalc
w x w xvalues of T 41–43 and of the isotope coefficient in La Sr CuO 33,34 as function of charge density inc 2yx x 4

2 ˚ y2Ž .Fig. 7. The surface electron number density is given by rs 1yd r3.8 in A where d is the doping, i.e.,
the number of holes per Cu site.

The superconducting striped phase is expected to be formed at the metal to insulator transition at about
˚ y2 ˚ y2r s0.065 A and disappears at high doping at about rs0.052 A . In this regime the period of theMIT

superlattice due to charge ordering shows a large variation with doping in the underdoped regime but it is nearly
w xconstant at optimum doping and in the overdoped regime 24,25 . The agreement of the experimental data with
Ž .the calculations of T and the isotope coefficient in Fig. 5 b are very interesting. The agreement indicates thatc

the natural superlattice of quantum stripes is stable in the resonance range. The actual value of the calculated
critical temperature is larger than in the experiments in LaSrCu but it can decrease with decreasing the coupling
and it is expected to decrease by self energy corrections.

Ž .The anomalous features of the normal phase in the underdoped regime 1 the linear behavior of resistivity;
Ž .2 the trend toward charge localization for T close to zero when superconductivity is quenched by a high

w x Ž . w xmagnetic field 44 ; and 3 the opening of a pseudogap at the Fermi surface 37 can be understood in the frame
of the present calculations with the quasi 1D character of the electronic structure in the underdoped regime.

Ž .On the other hand, the 2D-like behavior in the overdoped regime is indicated 1 by the divergence of the
w x Ž . w xresistivity from the linear behavior 42 ; and 2 by the closing of the pseudogap of the Fermi surface 37

observed experimentally.
The characteristic behavior of the isotope coefficient and the large variation of the chemical potentials going

w xfrom the normal to the superconducting phase 45 show that it is possible that the origin of the T amplificationc

in the cuprate has its basis on a mesoscopic structure made of quantum stripes. These results support the
assignment of the anomalous properties of the normal and superconducting phase in doped cuprate superconduc-
tors to a natural segregation of a localized and delocalized charge that forms a natural superlattice of quantum
stripes in a crossover regime between a low doped antiferromagnetic phase and normal 2D metallic phase at
high hole densities.

Our calculation of T and of the electronic structure can be improved by overcoming several first orderc

approximations that have been made here such as the use of a free electron model for the electronic structure

w x Ž . w x Ž .Fig. 7. The superconducting critical temperature of La Sr CuO from Ref. 41 circles and Ref. 43 triangles and the isotope2y x x 4
w x Ž . 2coefficient 31 versus the surface charge number density r s 1yd r3.8 , where d is the doping or the number of holes per Cu site.
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and the assumption of an isotropic s-wave pairing, and taking into account dynamic and self energy corrections
w xwithin Eliashberg theory and vertex corrections 46 . These improvements of the theoretical calculations have to

be done, however, we think that they will not change the basic physical features of the amplification of the
critical temperature and the peculiar behavior of the isotope effect described here.

By using this mechanism for the T amplification it is possible to produce new heterostructures made ofc

superlattices of quantum wires with a critical temperature higher than that of the homogeneous bulk materials,
and it will be possible to overcome the present record for the critical temperature of 150 K and to approach
room temperature.
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